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ON THE SHARPNESS OF CRACKS COMPARED WITH WELLS' COD 
Jm E. Srawley, J. L. Swedlow and.E. Roberts ,  Jr., 
NASA Lewis Research Center  and Carnegie-Mellon Un ive r s i ty  
Wells' (1,2,3) concept of c r ack  opening displacement 
( o r i g i n a l l y  d i s l o c a t i o n )  COD has been widely employed i n  r e s e a r c h  
on f r a c t u r e ,  e s p e c i a l l y  i n  B r i t a i n  (4). For  s u f f i c i e n t l y  small 
g r o s s  deformations of  a body con ta in ing  a c rack ,  t h e  COD i s  
simply a m u l t i p l e  (of  o rde r  u n i t y )  of t h e  r a t i o  of c rack  exten- 
s i o n  f o r c e  t o  y i e l d  s t r e n g t h ,  It is  i n  f a c t  a f e a t u r e  of 
t h e  equ iva len t  e l a s t i c  c rack ,  f i g .  1, which i s  longer  t h a n  t h e  
actua.1 c rack  t o  which it is  (approximately)  equ iva len t  i n  r e s p e c t  
of nea r - t i p  stress and displacement f ie lds .  S p e c i f i c a l l y ,  it i s  
t h e  d i s t a n c e  of  s e p a r a t i o n  of t h e  f a c e s  of t h e  equ iva len t  e l a s t i c  
c rack  a t  t h e  p o s i t i o n  corresponding t o  t h e  t i p  of t h e  r ea l  crack.  
However, t h e  COD i s  assumed t o  r e p r e s e n t  a w e l l  de f ined  d i s t a n c e  
of s e p a r a t i o n  of t h e  f a c e s  of t h e  r e a l  c rack ,  a t  o r  very nea r  
t h e  t i p ,  which i s  t h e r e f o r e  regarded as very blurit .  A s  a working 
hypothes is  t h e  COB i s  regarded as a q u a n t i t y  which c h a r a c t e r i z e s  
t h e  p o t e n t i a l i t y  f o r  c r ack  ex tens ion  t o  occur,  r e l a t e d  t o  t h e  
q u a n t i t i e s  8 and K t h a t  s e rve  t h e  same purpose i n  l i n e a r  e l a s t i c  
f r a c t u r e  mechanics, b u t  less r e s t r i c t e d  i n  scope. 
Many s p e c i a l i s t s  i n  f r a c t u r e  mechanics have s t r o n g  reserv-  
a t i o n s  about Wells' COD concept. The experimental  and t h e o r e t -  
i c a l  evidence t o  support  t h e  model seems t o  us t o  be unconvinc- 
i ng ,  and w e  are s tudying  the deformation of c racks  i n  f i n i t e  
element models of spec imens- in  some d e t a i l ,  Our main purpose i s  
t o  re la te  displacements  measured a t  convenient gage l o c a t i o n s  (;n 
p r a c t i c a l  specimens t o  displacements  elsewhere,  p a r t i c u l a r l y  
near  t h e  c rack  t i p ,  i n  the expec ta t ion  t h a t  some f u n c t i o n  of t h e  
' nea r - t i p  displacements  w i l l  be u s e f u l  t o  c h a r a c t e r i z e  t h e  potent-  
i a l i t y  f o r  c r ack  ex tens ion  t o  occur.  To date w e  have obta ined  
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r e s u l t s  f o r  a s t anda rd  ASTM t h r e e p o i n t  bend specimen (5) and f o r  
a matching c e n t r a l l y  cracked t e n s i o n  specimen, bo th  i n  p lane  
s t r a i n ,  by t h e  f i n i t e  element method (6). The procedure admits 
real  material c h a r a c t e r i s t i c s ,  and w e  have used those  of a maraged 
s t ee l  w i t h  a y i e l d  s t r e n g t h  of 186 k s i  and t e n s i l e  s t r e n g t h  of 
200 k s i ,  e v i d e n t l y  low work hardening, The element map f o r  h a l f  
t h e  bend specimen i s  i d e n t i c a l  t o  t h a t  f o r  a q u d r a n t  o f  t h e  
t e n s i o n  specimen, fig. 2. The t r i a n g u l a r  elements vary  i n  s i z e ,  
t h e  smallest i n t e r n o d a l  d i s t a n c e  ( n e a r e s t  t h e  c rack  t i p )  being 
l/32O of t h e  c rack  l e n g t h  which, i n  t u r n ,  i s  one half of t h e  map 
width,  The specimens are loaded through p resc r ibed  boundary 
displacements  which are matched so  t h a t  t h e  stress i n t e n s i t y  
f a c t o r s  f o r  t h e  two specimens are t h e  same a t  a g iven  s t e p  i n  
t h e  e a r l y  s t a g e s  of loading.  We a r e  t h u s  a b l e  t o  compare d i r e c t l y  
t h e  deformation p a t t e r n s  r e s u l t i n g  from imposed t e n s i o n  and 
bending e 
our  r e s u l t s  i s  t h a t  t h e  c rack  t i p  i s  much sha rpe r  t h a n  Wells' 
COD concept seems t o  imply. That  is ,  t h e  d i s t a n c e  from t h e  c rack  
t i p  a t  which the  COD occurs  i s  much greater t h a n  the  magnitude 
of t h e  COD, Furthermore, t h e  COD r e g i o n  i s  no t  a very d i s t i n c t i v e  
f e a t u r e  of t he  c rack  p r o f i l e ;  consequent ly  t h e r e  i s  no obvious 
way t o  determine t h e  COD from i n s p e c t i o n  of t h e  c rack  p r o f i l e  
( o r ,  indeed, by any o t h e r  means), These p o i n t s  a r e  i l l u s t r a t e d  
i n  f ig .  3 by t h e  s e l e c t e d  s e t  of  c r a c k  tip h a l f p r o f i l e s  i n  
t r u e  p r o p o r t i o n  f o r  t h e  t e n s i o n  specimen. The lowest curve i s  
f o r  a stage of  loading  where @/b(yield s t r e n g t h )  i s  about 0.002, 
somewhat beyond t h e  ASTM E-399-70T c r i t e r i o n  f o r  v a l i d  p l ane  
s t r a i n  toughness t e s t s  (5). The imposed displacement d/2b ( s e e  
f i g .  2)  i s  shown f o r  each curve i n  f i g .  3 f o r  comparison, The 
dashed line is  t h e  l o c u s  of  an  estimated lower bound on t h e  
p o s i t i o n  of Wells' COD. An o b j e c t i v e  rndthod of e s t ima t ion  was 
used which involved comparison of t h e  shape of each curve w i t h  
t h e  shape of t h e  curve f o r  l i n e a r  e l a s t i c  behaviour (which i s  
independent o f  l oad  when displacements  are normalized w i t h  r e s p e c t  
t o  the  displacement a t  t h e  c e n t e r  o f  t h e  c rack) .  T h i s  choice of 
I n  t h e  p r e s e n t  con tex t  t h e  most important  i n d i c a t i o n  from 
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method i s  somewhat a r b i t r a r y ,  b u t  t h e  COD va lues  s o  obta ined  a r e  
of the  o r d e r  @/n(y ie ld  s t r e n g t h ) ,  where n i s  an i l l d e f i n e d  c o n s t r a i n t  
f a c t o r  which may be t a k e n  as 2 f o r  p l ane  s t r a i n ,  and 8 i s  c a l c u l -  
a t e d  as p r o p o r t i o n a l  t o  t he  square of t he  imposed displacement ,  
no t  from t h e  load  i n  terms of f o r c e .  Since t h e  p o s i t i o n s  shown 
by t h e  l o c u s  are c l o s e r  t o  t h e  c r a c k  t i p  than  t h e  corresponding 
p o s i t i o n s  of the e l a s t o p l a s t i c  enclave boundary, t h e  locus  i s  
considered t o  r e p r e s e n t  a lower bound on t h e  COD p o s i t i o n  for 
t h e  Wells' model. 
a r e  quite sihilar t o  t h o s e  f o r  t e n s i o n ,  but  t h e  COD va lues  are 
smaller by a f a c t o r  between 2 and 4 a t  corresponding stages of 
loading ,  t end ing  t o  converge most a t  t h e  l o w e s t  l o a d s  f o r  which 
s a t i s f a c t o r y  estimates of COD could be made. The t e n s i o n  r e s u l t s  
shown here a r e  only  a n  i l l u s t r a t i v e  s e l e c t i o n  from a much l a r g e r  
body of data which w i l l  be publ i shed  i n  due course.  
From such r e s u l t s  as those  shown i n  f ig .  3 it seems t o  u s  
t h a t  t h e  c rack  t i p  r a d i u s  must be much smaller t h a n  the  Wells' 
COD. T h i s  being so ,  t h e  t i p  r a d i u s  i s  l i k e l y  t o  be a much more 
s i g n i f i c a n t  f e a t u r e  of t h e  deformed c rack  t h a n  t h e  hard ly  prominent 
COD. The p r e s e n t  r e s u l t s  sugqest  t h a t  t h i s  radius i n c r e a s e s  
roughly i n  p ropor t ion  t o  t he  square of t h e  imposed displacement 
( o r  any o t h e r  s u f f i c i e n t l y  remote displacement) ,  which ra ises  t h e  
prospec t  tha t  t h e  c rack  t i p  radius could be used as a measure of 
t h e  p o t e n t i a l i t y  f o r  c r ack  ex tens ion  i n  t h e  same sense  t h a t  $ 
and K are such measures i n  l i n e a r  f r a c t u r e  mechanics. T h i s  i s  
indeed s o  wi th in  l inear  f r a c t u r e  mechanics s i n c e  t h e  c rack  t i p  
r a d i u s  i s  t h e n  e x a c t l y  (4/fl)@/E f o r  p l ane  s t r e s s ,  o r  t h e  same 
m u l t i p l i e d  by (1 - v  ) f o r  p lane  s t r a i n ,  as first noted by M .  L. 
W i l l i a m s  (7).  But t h e  c rack  t i p  radius i s  not  s u b j e c t  t o  t h e  
same r e s t r i c t i o n s  as Q and K because it i s  always wel l  de f ined ,  
i r r e s p e c t i v e  of t h e  n a t u r e  of t h e  surrounding stress and 
displacement f i e lds ,  Therefore it has  t h e  c h a r a c t e r i s t i c s  
needed t o  provide a l i n k  between l i n e a r  f r a c t u r e  mechanics and 
a more g e n e r a l l y  a p p l i c a b l e  method of  f r a c t u r e  a n a l y s i s ,  The 
ques t ion  whether  it is  t h e  best  l i n k ,  however, can only be 
The c rack  t i p  shapes obta ined  f o r  bending (no t  shown h e r e )  
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reso lved  empi r i ca l ly ,  
Wellss COD i n  l i n e a r  f r a c t u r e  mechanics can be regarded 
as t h e  product  of t h e  c rack  t i p  r a d i u s  wi th  t h e  r a t i o  of e l a s t i c  
modulus t o  y i e l d  s t r e n g t h  (augmented by a n  a p p r o p r i a t e  c o n s t r a i n t  
f a c t o r ) ,  and it i s  p o s s i b l e  t h a t  t h i s  simple connect ion might  
cont inue t o  hold t o  a u s e f u l  degree of approximation wel l  
beyond t h e  u s e f u l  range o f  l i n e a r  f r a c t u r e  mechanics. Never the less ,  
t h e r e  are reasons  t o  p r e f e r  t h e  t i p  r a d i u s  over  t h e  COD even i f  
t hey  were s o  simply r e l a t e d ,  Conceptual realism and s impl- ic i ty  
a r e  two important  cons ide ra t ions .  Another i s  t h e  f a c t  t h a t  
f a t i g u e  c r a c k  propagat ion  data f o r  a v a r i e t y  of materials t end  
t o  condense i n t o  a f a i r l y  narrow band when t h e  r a t e  of c rack  
propagat ion  i s  p lo t ted .  (on t h e  u s u a l  log-log s c a l e s )  a g a i n s t  
t h e  r a t i o  of t h e  K-range of t h e  f a t i g u e  cyc le  t o  t h e  e l a s t i c  
modulus, whereas t h e  same data t e n d  t o  spread ou t  i f  t h e  v a r i a b l e  
chosen is  t h e  r a t i o  o f  t h e  K-range t o  y i e l d  s t r e n g t h ,  
l i t e r a t u r e  of f r a c t u r e  mechanics which may have some connect ion 
t o  our  p r o p o s i t i o n  t h a t  c r ack  t i p  r a d i u s  r a t h e r  t h a n  COD should 
be considered as a measure of t h e  p o t e n t i a l i t y  f o r  c rack  ex tens ion  
t o  occur ,  We hope t o  d i s c u s s  some of t h e s e  c o n t r i b u t i o n s  i n  a 
l a t e r  paper ,  
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Figure 1. Wells' concept of crack opening displacement, 
as described i n  references 1 - 3.  
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Figure 2 .  Tension specimen sharing f i n i t e  element map 
i n  one quadrant, 
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Figure 3. Crack t i p  halfprofiles i n  true proportion for tension specimen of f ig ,  2 
i n  plane strain. 
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